The problem of proton-antiproton motion in the H-H system is investigated by means of the variational method. We introduce a modified nuclear interaction through mass-scaling of the Born-Oppenheimer potential. This improved treatment of the interaction includes the nondivergent part of the otherwise divergent adiabatic correction and shows the correct threshold behaviour. Using this potential we calculate the vibrational energy levels with angular momentum 0 and 1 and the corresponding nuclear wave functions, as well as the S-wave scattering length. We obtain a full set of all bound states together with a large number of discretized continuum states that might be utilized in variational four-body calculations. The results of our calculations gives an indication of resonance states in the hydrogen-antihydrogen system.
Introduction
The interest in antihydrogen and its interaction with ordinary matter is inspired by the ongoing experiments on antihydrogen synthesis and trapping at CERN. The aim of these experiments is to use cold antihydrogen atoms for tests of the fundamental laws and symmetries of Physics. Substantial progress has been made during the recent years in that antihydrogen atoms have been trapped for 1 000 s [1] . This time is sufficiently long for theH atoms and computationally, even at the level of Coulombic description that is addressed in the present work. The previous studies of the H-H system include distortedwave approximation [2] [3] [4] , simple extensions thereof based on the close-coupling method [5] , the optical-potential method [6] , and the Kohn variational method [7] . All previous treatments have been based, one way or another, on the Born-Oppenheimer (BO) approach. The extension to the adiabatic treatment was not possible since it was shown that the adiabatic correction diverges [8] . The eigenvalues and eigenfunctions of the nuclear motion in the BO potential have so far been calculated only for a few of the highest exited states near the H-H dissociation threshold [2, [9] [10] [11] , using numerical integration. In this paper we use a variational approach using Gaussian expansions to investigate the nuclear motion of the proton and antiproton in the improved BO potential. By using the variational method we obtain a set of all bound states (eigenvalues and corresponding eigenfunctions) in the improved leptonic potential that includes the non-divergent part of the adiabatic correction and shows the correct asymptotic threshold behaviour. Previous calculations indicated the presence of possible near-threshold resonance states of the hydrogenantihydrogen system [2, 6, 11] . Such states greatly influence the cross sections of both elastic and inelastic hydrogen-antihydrogen scattering [11] , acting as transient states mediating the rearrangement to protonium and positronium. We therefore devote special care to the treatment of the near threshold states since it is a priori possible that the improvement of the BO potential may change the number of states below the threshold and/or their binding energies. The number of variationally obtained bound states below the threshold is double-checked using the procedure of Friedrich and Raab [12, 13] . The BO-approach to the H-H system works very well at the large (µm -nm) and intermediate (nm -few bohrs) internuclear distances. However, as the atoms come closer, the leptonic clouds start to overlap and the H-H system becomes prone to undergo a rearrangement into two completely different atoms, protonium (Pn) and positronium (Ps). The rearrangement is particularly probable to occur below the so-called critical distance where the protonantiproton dipole is not able to bind the two leptons, and positronium can be released. The existence of the critical distance for a 3-body system was fist shown by Fermi and Teller [14] and by Wightman [15] . Further more Korenman [16] has shown that the adiabatic correction to the Born-Oppenheimer potential for the M − -H system is divergent at the critical distance. This conclusion is also valid for the H-p system. The existence of the critical distance for the HH quasimolecule was confirmed by the early calculations by Kołos et al. [17] . More recently, an accurate value of the critical distance R = 0 7427 was given by Armour et al. [18] and by Strasburger [8] . The region around the critical distance is particularly difficult to treat. This is manifested by the divergence of the adiabatic correction to the HH Born-Oppenheimer interaction potential [8] and highlights the need of a full four-body treatment.
The four-body treatment might be e.g. based on the variational method provided that the latter would be able to include the relevant arrangement channels and cope with their coupling. If the variational method utilizing an expansion in a basis is applied, the basis functions should preferably allow easy transformations between the various arrangement channels, as e.g. in the Gaussian Expansion Method (GEM) constructed by the Kamimura group for the four body problems [19] . Having these aspects in mind, we expand the improved BO solutions in a Gaussian basis, as to allow for the use of these solutions as a subset of the basis in variational 4-body calculations. We deliver full set of states that are bound by the BO potential, together with a large number of discretized continuum states (all expanded in a Gaussian basis) that might be utilized in variational four-body applications. This might allow for a better understanding of the connection between the Born-Oppenheimer and the full four body solutions.
It should be recalled that the BO energy eigenvalues and eigenfunctions are normally obtained in the BO potential that asymptotically converges to the H-H dissociation threshold at −1 a.u. (a value without adiabatic correction) and that was the case in all previous calculations. However in a 4-body calculation the H-H dissociation threshold, and all other thresholds, obviously take their proper value that include the adiabatic correction. In the present work we correct for this defect by including the non-divergent part of the adiabatic correction in our modified leptonic potential through a mass-scaling of the BO potential. It is important to emphasize that this procedure is not equivalent to a simple shift of the threshold for the conventional BO potential (although it incidentally assures the correct asymptotic behaviour of the modified leptonic potential). Atomic units have been used throughout this article.
Method

Choice of the Hamiltonian
The 4-body Hamiltonian for the hydrogen-antihydrogen system expressed in a space-fixed coordinate system reads
where r p , rp, r e and rē are position vectors of proton, antiproton, electron and positron respectively, V describes Coulomb interactions between all particles, and p = 1836 15267247 a.u. is the proton mass. Introducing bodyfixed coordinates r ep = r e −r p , rēp = rē −rp, R = r p −rp and separating the center-of-mass motion, the 4-body Hamiltonian can be rewritten as a sum of a leptonic Hamiltonian
and Hamiltonian H , which in this case has the following form
where µ n = p /2 is the nuclear reduced mass. Assuming the total 4-body wave function as a simple product of a given leptonic function ψ lep (r ep rēp; R), which is an eigenfunction of (2)
and some unknown nuclear function χ(R), one obtains a nuclear Schrödinger equation within the adiabatic approximation
where the nuclear Hamiltonian is defined as
The last term on the r.h.s of (6) is called the adiabatic correction, and is defined as an expectation value of the Hamiltonian H with respect to the leptonic wave function
As it was shown by Strasburger [8] 
where µ = p /( p + 1) is the electron-proton reduced mass. By solving the Schrödinger equation with the Hamiltonian (9) one obtains a new leptonic energy curvẽ E lep (R), which on top of the Born-Oppenheimer contribution also includes a part of the adiabatic correction. It can be shown that the new energy is related to the original Born-Oppenheimer energy by the following mass scaling procedureẼ
It can also be shown that the new leptonic potential given by (10) has the correct adiabatic long range asymptotic behaviour, and nonadiabatic dissociation limit. For the detailed derivation and discussion of this procedure see Appendix A.
The scaling procedure allows us to define a new nuclear Hamiltonian with E BO (R)+δE ad (R) substituted byẼ lep (R)
which is well defined and can be used to calculate energy levels for the H-H molecule. Since a part of the adiabatic correction is included in the eigenvalues of (11), this approach leads to energies which should be considered as being "halfway" between the Born-Oppenheimer and the full adiabatic approximations.
The potential energy fit
In this work we used the Born-Oppenheimer potential for the H-H system calculated by Strasburger [20] with 256 explicitly correlated Gaussian (ECG) functions. The potential was computed for internuclear distances R ranging from R = 0 744 bohr up to 20.0 bohrs. For R between 12 and 30 bohrs we have appended points computed by Strasburger with points obtained from the asymptotic formula
where E ∞ BO = −1 hartree is the BO energy of two separated hydrogen atoms and the Van der Waals constants C were calculated by Mitroy and Ovsiannikov [21] .
For R = R the Born-Oppenheimer energy reaches the value E Ps 1 − 1/R , where E Ps 1 = −0 25 hartree is the positronium ground state energy. When the internuclear distance R is smaller than the critical value R , the two leptons are no longer bound in the field of a dipole formed by the proton and the antiproton. Therefore, for R < R we assumed that the Born-Oppenheimer energy is equal to the sum of E Ps 1 and the Coulomb attraction between the nuclei
The choice of the potential for R < R is in the spirit of the orthodox BO-approximation, i.e. the potential is equal to the lowest leptonic energy at each R, which in this region corresponds to the positronium ground state energy. The calculated Born-Oppenheimer energy as well as the long and short range approximations to it are shown in Figure 2 .
For our purposes we have prepared an analytical fit with 30 linear and 7 nonlinear parameters carefully optimized to reproduce the Born-Oppenheimer energy in all three discussed regions. The fitting function has the following form with an additional constrain
The first term on the r.h.s. in (14) describes the Born-Oppenheimer dissociation limit, the second one is added to ensure proper behaviour of the fit for small internuclear separations (vide (13)). We have also prepared an analytical fit for the massscaled leptonic potential (10) . In this case the long range asymptotic expression forẼ lep (R) has the same form as in (12) , but with C constants replaced withC = C /µ −1 and changed dissociation limitẼ ∞ lep . On the other hand the short range behaviour ofẼ lep (R) is derived from eqs. (13) and (10) , so the fitting function in this case has the following form
whereẼ ∞ lep = −µ is twice the nonadiabatic ground state energy of the hydrogen atom. Also in this case parameters A 0 are restrained by the condition
It should be stressed that the scaling is done for all internuclear distances, thus no discontinuity arises in the potential (even though the critical distance changes under scaling). All the linear and nonlinear parameters in (16) were optimized independently of the corresponding parameters in (14) . Since the values of the Born-Oppenheimer potential calculated by Strasburger [20] are given on a grid for chosen R: (R E BO (R)), we have been fitting the mass-scaled potential to the points obtained as follows (R/µ Ẽ lep (R/µ) = µE BO (R)). All parameters for (14) and (16) are given in Table 1 . In both cases the fit errors with respect to the interaction energy are smaller than 0.1% for internuclear distances R < 8 0 bohrs and still not larger than 0.3% for R up to 30.0 bohrs. Since functions (14) and (16) behave like exp(−αR 2 ) for large R, they are not able to properly describe the asymptotic behaviour of the potentials for arbitrarily large R. However, we chose to use this type of the fitting function because it allows us to perform analytical calculations of the matrix elements (vide infra), which would not be possible with fits explicitly including the Van der Waals expansion (12).
Basis functions
To solve the nuclear Schrödinger equation with the Hamiltonian defined by (8) or (11) for a given angular momentum we represent the nuclear wave functions as
where Y is a spherical harmonic function,R denotes angular coordinates of vector R, and φ (R) is expressed in a basis set of analytical functions 
where α = π/2 and N , N are normalization constants. The nonlinear parameters ν defining the basis functions are chosen to be given by a geometrical progression
The parameter max is the number of cosine and sine oscillating Gaussian functions as defined in (21) , used in the radial wave function expansion. Substituting (18) into a nuclear Schrödinger equation one obtains the equation for the radial function φ (R) 
where c is a column vector of coefficients , T is a kinetic energy operator matrix
V is a potential energy operator matrix calculated with V (R) given by (14) or (16)
and S is an overlap matrix. For a given expansion length one may optimize the basis functions by changing the values of min and max . However, we must remember that different min and max would be optimal for different eigenstates. Because of the shape of the potential energy, the wave functions with the lowest energies are assumed to have much smaller average radius R than highly excited wave functions. For this reason we need to keep the parameter min small enough to be able to describe the ground state. At the same time the parameter max must be large if we want to be able to describe the wave function oscillations for highly excited states. This can be achieved only when the basis set expansion is long enough. As it is depicted in Table 2 , with the basis set consisting of 240 primitive function the calculated energies are converged up to at least seven significant digits. Figure 3 shows how the energies for highly excited states depend on the max parameter for fixed values of min and given expansion length. If the value of max is too small the near threshold bound states are not described correctly. However, when max is too large one may observe oscillations of the bound states energies. We decided to use max = 15 for = 60 and max = 20 for = 120 in our calculations. These values are large enough to describe all bound states but still small enough to be in the region where the oscillations of the bound states energies are not severe.
Results
Bound states
In Tables 3 and 4 we present the rovibrational energies of the hydrogen-antihydrogen molecule obtained with the Born-Oppenheimer (E HH ν ) and the mass-scaled leptonic (Ẽ HH ν ) potentials for angular momentum = 0 and = 1 respectively. Interestingly we find that the number of vibrational levels in the case of the mass-scaled BO remains unchanged. This result is difficult to predict a priori, especially since it is noticeable that the most shallow levels are pushed upwards -but none of them is pushed out above the dissociation threshold. With both potentials we have found 29 bound states for = 0 and 28 bound states for = 1. Since for the small internuclear separations the potential is given by (13) , which is a protonium potential shifted by the E Ps 1 energy, we expected the lowest eigenvalues to be equal to the protonium energy plus the positronium ground state energy
As it can be seen from the fifth column of Table 3 ). For larger values of ν the difference between E HH ν0 and E Pn ν grows successively, which is caused by the fact that the nuclear wave function is no longer concentrated in the region where the condition (13) is fulfilled. The differences between the Born-Oppenheimer energy levels for = 0 and the protonium states energies are shown in Figure 4 . It is obvious that the ground state radial wave function for the protonium atom and for the H-H system are nearly identical. However, the wave functions of near threshold states of the hydrogen-antihydrogen molecule differ from protonium orbitals. The radial wave functions for the last two bound sates of H-H with angular momentum = 0 are shown in Figure 5 . In the two last columns in Tables 3 and 4 we present the dissociation energies obtained with both our potentials for angular momentum = 0 and = 1 respectively. The dissociation energy for the Born-Oppenheimer approximation is defined as
whereas for the mass-scaled potential we havẽ
The difference between ν and˜ ν is negligible for the low lying states. However, the difference grows as the energies tends to the threshold energy and reaches 5% for the last bound state with = 0 and 13% for the last bound state with = 1.
In the present work, we are the first to calculate the full vibrational spectrum of the HH quasimolecule for l=0 at the Born-Oppenheimer level. In Table 5 obtained results are compared with the previous calculations, when available.
In the case of = 0 only a few of the last bound states' energies were computed by Berggren et al. [10] . For = 1, the vibrational spectrum of HH was previously published by Zygelman et al. [9] , however they were missing the last two bound states, and more recently by Bergren et al. [10] , but only energies of the last four bound states were calculated. In all cases but one, the energies obtained in the present work are lower than those of references [9] and [10] .
Scattering states and scattering length
Since we are using an algebraic approximation to solve the nuclear Schrödinger equation, not only bound but also continuum states, however with discrete energies, are obtained (see Figures 6 and 7 ). Because we are using Gaussian basis functions in our description, the wave functions corresponding to the scattering states cannot possess the proper asymptotic behaviour for an arbitrarily large R. However, we were still able to provide a proper description not only for small R, where the potential well is deep and the wave functions vary rapidly, but also for R large enough to see the asymptotic properties of the wave functions. To test the quality of these scattering wave functions we used them to estimate the value of the scattering length. We have used a geometrical procedure to estimate the scattering length, by interpreting the scattering length as an intersection of the tangent line to the "zero energy continuum state" Rφ E (R) with the R-axis, where φ E (R) is the radial continuum wave function for E → 0 [22] (in our computation the lowest discretized continuum state, see Figure 8 ). The estimated scattering length obtained with this procedure is = 7 6 ± 0 4 bohr, where the uncertainty comes from the sensitivity of the obtained results to the Gaussian parameters max and max . This result can be compared to the value = 7 7 bohr, which was obtained by numerical integration of the Schrödinger equation [11] . This proves that our calculations have obtained a reasonably good description of the scattering states wave functions.
Relation to the WKB approach
The semi-classical approximation has been proved to give accurate predictions of the number of bound states as well as the value of the scattering length for diatomic molecules [12, 13] . We have decided to use the WKB approach to confirm the results we have obtained with the algebraic approximation.
When the potential energy has an attractive tail which decays faster then 1/R 2 , the system has a finite num- ber of bound states where the dissociation energies ν and quantum numbers ν = 1 2 3 obey the following quantization rule
where ν th is, in general non-integer, threshold quantum number, and F is called the quantization function. As it was shown by Friedrich and Raab [12, 13] for a potential well with a homogeneous tail of order −6, the F function is given in the following form 
where the constants , , B and D are defined in Table I in [12] , κ ν is defined as κ ν = √ 2 ν , where is a nuclear reduced mass and β 6 is given in terms of the strength of the Van der Waals interaction C 6 as
The β 6 defines the potential range and is a typical scale for the quantum mechanical wavelengths and penetration depths. In our case β 6 = 10 4521 for the Born-Oppenheimer potential and β 6 = 10 4592 for the massscaled potential. We have calculated values of the F ( ν ) function for the dissociation energies listed in Table 3 . By substituting these results into formula (31), we obtained the threshold quantum numbers ν th . The values of ν th computed from subsequent dissociation energies ν are shown in Table 6 and Figure 9 . The predicted number of the bound states is the largest integer less than ν th . For lower quantum numbers ν the predicted number of bound states is rapidly changing, but for ν > 22 it stabilizes at a value equal 29, with one exception for ν = 28 where the ν th value is slightly below 29. The obtained results prove that we have succeeded to find all the bound states for the H-H molecule in its leptonic ground state and angular momentum zero. Using the quantization function (32) and the relation =¯ + tan(πF ( ν )) (34)
we were able to obtain an independent estimation of the scattering length. In the above formula¯ = = 0 4779888β 6 (see Table I in [12] ). By using the dissociation energy of the last bound state (zero angular momentum) calculated with the BO and the mass-scaled BO potential, we obtained the scattering length 7.6 and 7.5 bohrs respectively. These values are in full agreement with the results obtained from the algebraic approximation, which proves that we succeeded to correctly describe the asymptotic behaviour of the scattering wave functions in our calculations. Figure 9 . The threshold quantum number ν th for the BO potential for states with quantum number ν = 6 − 29.
Conclusions
By applying the algebraic approximation we have succeeded in obtaining the vibrational spectra of the leptonic ground state of the hydrogen-antihydrogen molecule in its two lowest rotational states. Since there is no possibility to include the adiabatic correction for this system, our calculations were done at the Born-Oppenheimer level. However, we were able to append the Born-Oppenheimer potential with the nondivergent part of the otherwise divergent adiabatic correction. This contribution is responsible for the change in the long range behaviour of the interaction potential, it mimics the total adiabatic correction for large internuclear distances R and converges to the correct dissociation threshold. The discussed part of the adiabatic correction was included via the mass-scaling procedure, which does not require any additional calculations besides the Born-Oppenheimer one. The massscaling procedure leads to the proper nonadiabatic dissociation threshold of the leptonic potential. We have shown that the near threshold states are significantly affected by this procedure, since the changes in the dissociation energies reaches a few percents (as much as 13% for the most loosely bound state of the = 1 symmetry).
Using the algebraic approximation we were able to obtain wave functions not only for all bound states, but for continuum states as well. The energies of the calculated scattering states are of course discretized. However, the corresponding wave functions reproduce the correct asymptotic behaviour up to a certain internuclear distance R * that is larger than the range of the spatially extended nearthreshold states. This allowed us to calculate the scattering length for the hydrogen-antihydrogen collisions. The value obtained in this calculation is in very good agreement with the results of high precision numerical computations and with the results of the semi-classical approach, which confirms good quality of the discretized continuum states.
In principle the spectra shown in Tables 3 and 4 are not observable through the bound-bound spectroscopy: strictly, the HH system is not bound since the rearrangement to the protonium-positronium channel is possible. However, the existence of the bound states for the H-H system in the Born-Oppenheimer approximation may indicate the existence of quasi-stable states (resonances) for this system in the nonadiabatic description. The position of the meta-stable levels might still be inferred from the collisional experiment manifesting the formation of the transient states (decaying to Pn and Ps) with the photon emission, in the process of radiative formation of intermediate states described in [9] . Another way of measuring the binding energy of metastable states would be through their influence on the scattering length in H-H collisions, since the latter is very sensitive to the position of the near-threshold states [11] . As it was shown in Section 3.3, the number of states below the threshold and the scattering length depend very sensitively on the tail of the interatomic interaction and therefore it is important to describe this tail as exactly as possible. The application of the mass-scaled procedure, which improves the interatomic interaction at large distances, serves that purpose.
To confirm or falsify the predictions about the exsistence of meta-stable states in the H-H system one has to perform 4-body calculations for this system. The wave functions obtained in our calculations can be used as a well adapted basis set for the internuclear degree of freedom in the H-H channel in the fully nonadiabatic (4-body) calculations for H-H. We suggest that the nuclear wave functions obtained in the present work will provide a better description of the H-H channel in the 4-body calculations as compared to the alternative description using a protonium basis set. Application of the here obtained nuclear wave functions as a part of the basis set in 4-body calculations may not only be more efficient but also allow for better understanding of the relation between the BO and fully non-adiabatic methods in the demanding case of H-H. Using a mass-scaled BO basis will not cure the nonadiabaticity, but it might facilitate its investigation. The fact that the BO functions are part of the full basis helps to identify the adiabatic components in the nonadiabatic solutions. In the 4-body calculations the mass-scaled BO basis must be augmented by other dedicated subspaces for description of other Jacobi fragments and coordinates. The mass-scaled BO approach (unlike the conventional BO) gives the interatomic interaction that converges to the proper dissociation limit, the same which appears in the four body description. The natural Jacobi coordinate, which appears in the nonadiabatic calculations is the distance between COMs of H andH. This means that, since in the 4-body calculations the description of the monomers involves the reduced mass of the lepton, the long range interaction between the monomers is properly described by the mass-scaled BO potential. The associated nuclear wave functions (i.e. obtained from the mass-scaled BO potential) are compatible with the correct asymptotic properties and can be seen as the best possible basis functions for the intermonomer degree of freedom in the nonadiabatic computations.
Regarding the significance of the difference between the previous results and the present ones obtained within the mass-scaled approach (or ultimately the results from the four-body calculation) one should mention that in the ongoing experiments at CERN the aimed accuracy is on the order of 1 part in 10 14 or better. At this point it is difficult to predict how long it might take to reach such accuracy since the antihydrogen has been successfully trapped only recently, but the first attempts to make spectroscopy of its hyperfine levels already exist [23] . 
Once again using the fact that V (r ep rēp R) is a homogeneous function of order −1, one obtains the following form of the virial theorem [26, 27] where δC ad 6 = 5C 6 / p is the adiabatic correction to the C 6 constant [28] . It should also be stressed that after the scaling procedure the leptonic energy curve has a proper nonadiabatic dissociation limit lim R→∞Ẽ lep (R) = lim R→∞ µE BO (µR) = µ lim R→∞ E BO (R) = −µ (A34) i.e. twice the nonadiabatic energy of the ground state of the hydrogen atom. This is a simple consequence of usingH lep instead of H lep since the former contains the nonadiabatic Hamiltonian for the monomers. Table 7 . Comparison of the non-Born-Oppenheimer correction obtained by the mass-scaling procedure (δE lep (R)) and the adiabatic correction calculated by Strasburger [8] ( ad (R)) -in milihartrees.
between leptons and nuclei. As R tends to R c the leptonic wave function becomes more and more diffused due to the fact that leptons become more weakly bound. In the limit when R reaches the critical value, the leptons are no longer bound to the nuclei and the mean value of the distance between them is infinite. Since the H ( ) operator does not contain a differentiation over the internuclear distance R, the ( ) ad part of the adiabatic correction is not affected by the mechanism described above and is well defined for any R. The other two contributions, i.e., H ( ) and H ( ) , are supposed to diverge as R tends to R . It should be stressed that the aim of the mass-scaling procedure proposed here is to provide the correct long distance behaviour of the interatomic potential, and so it cannot help in the description of the H-H interaction around the critical distance. This means that its utility is mainly restricted to large interhadronic distances. However, this procedure does not introduce any artificial terms to the potential, so it is valid for all internuclear separations, even if for small R the correction introduced by this procedure can be considered small compared to other contributions. Still the correct asymptotic behaviour of the potential may be important if one is willing to use the BO functions as a basis set in the full nonadiabatic calculations. In the nonadiabatic calculations the natural intermonomeric coordinate is not the distance between hadrons R, but the distance between COMs of atomsR. It can be easily shown that the long range behaviour of the interatomic potential for the H-H system when expressed in theR coordinate is governed byC 6 defined in (A32). This suggest that the wave function obtained in the mass-scaled procedure are better fitted to serve as basis functions in the four-body calculations.
